We propose a dual electromagnetically induced transparency (EIT) based multiwave mixing scheme that retains the significantly enhanced conversion efficiency enabled by ultraslow propagation of pump waves, yet is also capable of inhibiting and delaying the onset of the detrimental three-photon destructive interference that limits the further growth of the four-wave mixing (FWM) field. We show that the new scheme exhibits a wave-matching condition that is fundamentally different from the conventional FWM without EIT, and the efficient generation of the mixing wave is not critically dependent upon the FWM detuning to achieve constructive interference as required in the conventional FWM. These are significant steps forward in enabling applications of ultraslow wave nonlinear optics. DOI: 10.1103/PhysRevLett.91.243902 PACS numbers: 42.65.Hw Nonlinear optics at low light intensity [1] and ultraslow propagation of optical waves in a highly dispersive medium have stimulated significant research activity during the past few years. Recent studies have shown that ultraslow propagation of optical waves may lead to a significant enhancement of nonlinear optical processes [1, 2] such as Kerr nonlinearity [3] , four-wave mixing (FWM) production [4, 5] , and hyper-Raman generation [6] . In the case of FWM, it has been shown that an electromagnetically induced transparency (EIT) [2] for a pump wave can open an efficient FWM channel that is otherwise prohibited by strong absorption of the pump wave. The central point of such a channel opening operation is the manipulation of the dispersion properties at the pump wave frequency so that the generated wave is phase matched at a small detuning with respect to the FWM producing state. It is this small phase-matched FWM detuning that leads to the enhancement to the FWM production efficiency. When the generated field becomes sufficiently intense in such an efficient wave mixing process, however, it can also be absorbed efficiently. This creates a second excitation pathway to the same FWM producing state. This excitation, however, is out of phase with respect to the excitation provided by the pump fields. Consequently, a robust three-photon destructive interference [7] between the two different excitation channels occurs, resulting in a saturated FWM production. How to delay and inhibit this detrimental effect becomes critically important to applications of the enhancement schemes based on ultraslow propagation. In this Letter, we propose a new ultraslow FWM scheme that is capable of substantially inhibiting the onset of the three-photon destructive interference, thereby achieving a significantly higher overall conversion efficiency. The introduction of a second EIT scheme for the generated field changes to the group-velocity matching condition and eliminates the need for a small FWM detuning, leading to increased stability of the frequency conversion process. This new wave-matching condition is fundamentally different from the conventional non-EIT based FWM. Indeed, we show that with the new dual-EIT scheme efficient FWM can be generated in a broad region. This is to be contrasted to the conventional non-EIT based FWM where usually only a narrow region near the phase matching point allows efficient production of the generated wave. To our knowledge the dual-EIT scheme with a fundamentally different wave-matching FWM that can render the destructive interference ineffective has never been reported and may have an important impact on applications based on ultraslow wave nonlinear optics.
Nonlinear optics at low light intensity [1] and ultraslow propagation of optical waves in a highly dispersive medium have stimulated significant research activity during the past few years. Recent studies have shown that ultraslow propagation of optical waves may lead to a significant enhancement of nonlinear optical processes [1, 2] such as Kerr nonlinearity [3] , four-wave mixing (FWM) production [4, 5] , and hyper-Raman generation [6] . In the case of FWM, it has been shown that an electromagnetically induced transparency (EIT) [2] for a pump wave can open an efficient FWM channel that is otherwise prohibited by strong absorption of the pump wave. The central point of such a channel opening operation is the manipulation of the dispersion properties at the pump wave frequency so that the generated wave is phase matched at a small detuning with respect to the FWM producing state. It is this small phase-matched FWM detuning that leads to the enhancement to the FWM production efficiency. When the generated field becomes sufficiently intense in such an efficient wave mixing process, however, it can also be absorbed efficiently. This creates a second excitation pathway to the same FWM producing state. This excitation, however, is out of phase with respect to the excitation provided by the pump fields. Consequently, a robust three-photon destructive interference [7] between the two different excitation channels occurs, resulting in a saturated FWM production. How to delay and inhibit this detrimental effect becomes critically important to applications of the enhancement schemes based on ultraslow propagation. In this Letter, we propose a new ultraslow FWM scheme that is capable of substantially inhibiting the onset of the three-photon destructive interference, thereby achieving a significantly higher overall conversion efficiency. The introduction of a second EIT scheme for the generated field changes to the group-velocity matching condition and eliminates the need for a small FWM detuning, leading to increased stability of the frequency conversion process. This new wave-matching condition is fundamentally different from the conventional non-EIT based FWM. Indeed, we show that with the new dual-EIT scheme efficient FWM can be generated in a broad region. This is to be contrasted to the conventional non-EIT based FWM where usually only a narrow region near the phase matching point allows efficient production of the generated wave. To our knowledge the dual-EIT scheme with a fundamentally different wave-matching FWM that can render the destructive interference ineffective has never been reported and may have an important impact on applications based on ultraslow wave nonlinear optics.
We consider a multilevel system interacting with four laser fields (Fig. 1) . The novelty of the present scheme is threefold. (1) A cw (continuous wave) laser ( c1 ) drives the j1i ! j2i transition transparent to a pulsed pump field ( p ), thereby opening an efficient one-photon enhanced pumping channel that would otherwise be closed because of the strong absorption of the pump wave tuned to the one-photon resonance. (2) A cw field ( c2 ) provides a direct index manipulation to the FWM state j3i for efficient FWM generation and further enhancement to the overall conversion efficiency. This second EIT process modifies the group-velocity matching condition by replacing the small and pulsed FWM detuning [4] with a cw control field, thereby increasing the stability of the operation. (3) The proper choice of the second EIT scheme significantly reduces the absorption of the generated wave, and increases the propagation distance under phase matching. More importantly and, as we will show, the choice of the decay rate of the metastable state j4i in the second EIT process can provide a crucial element for inhibiting the destructive interference that limits the overall FWM conversion efficiency.
In the Schrö dinger picture the atomic equations of motion are given as [4] 
where p;c1;c2;m are the half Rabi frequencies of the relevant laser-driven transitions shown in Fig. 1 , and j is the decay rate of the state jji. A j j 0; 1; 2; 3; 4 are the amplitudes of the wave function for each state. s is the half of the effective two-photon Rabi frequency for the transition j2i ! j3i. Typically, the state j1i is a member of the ground state manifold, with a very slow decay rate. We therefore assume 1 0 ( is the pulse length of the pump field at the entrance of the medium) in the following calculation. The choice of the state j4i is of great importance. Ideally, one should have 4 1. This may be achieved by carefully choosing the atomic angular momenta and ion-core configurations. Let us further assume that the ground state is nondepleted and the two-photon coupling between j2i and j3i (i.e., 2 s ) is relatively weak so that for the EIT process involving states j0i, j1i, and j2i the following adiabatic solution is adequate [8] :
where the ultraslow group velocity of the pump field is given by 1=V p g 1=c 02 =j c1 j 2 . In obtaining Eq. (2), we have used the conditions j c1 j 1 and j c1 j 2 2 . These conditions ensure the validity of adiabatic approximation leading to the well behaved adiabatic solution of Eq. (2). The production and propagation effect of the FWM field at ! m ! p 2! s can be obtained by solving the propagation equation for the generated wave, i.e.,
where ij 2NjD ij j 2 = hc with N and D ij being the atom density and dipole moment for the transition jii ! jji. Fourier transforming Eqs. (1) - (3), we obtain 
where K =V p g ÿ 03 i 4 =2=j c2 j 2 . For efficient FWM generation, the ultraslow group velocities of the pump and the generated fields should be closely matched. We thus take
This relation demonstrates that group-velocity matching can be achieved with two cw control fields. The presence of the second EIT process has replaced the pulsed, small detuning in the group-velocity matching [4] with a stable cw control field. We emphasize that this type of wave matching is fundamentally different from the wellknown phase matching condition usually seen in conventional, non-EIT based FWM. In FWM without EIT, the phase matching condition for efficient generation with parallel beams geometry requires closely matched phase velocity only [9] . This is because the group velocities of the waves involved are very close to c and the separation between waves is not significant unless the pulses are very short. In the dual-EIT based FWM, as we described here, where waves travel with ultraslow group velocities, the group-velocity matching is of primary importance since the phase velocity matching near the resonance j3i $ j0i is always satisfied. In FWM without EIT, efficient generation is supported usually only at a specific phase velocity matching point (or a very narrow region near the phase velocity matching point). In the case of dual-EIT based FWM, the groupvelocity matching can be achieved on both sides of the FWM producing state over a broad region [10] . This raises an interesting possibility of active wave-matching control that may have potential applications. With this matching condition, Eq. (5) ; (6) where K 0 ÿi 03 4 =2j c2 j 2 . Notice that m is inversely proportional to the Rabi frequency of the first control laser, which is necessarily small under the condition of ultraslow propagation. We thus expect enhancement to FWM production and to the overall conversion efficiency. Such an efficient generation of the frequency mixing wave, however, raises the question of what will happen when the generated wave becomes sufficiently intense. To answer this question, we first note that the phase-matched FWM can also be efficiently absorbed because of the efficient one-photon coupling between states j0i and j3i (the dashed upward arrow in Fig. 1 ). Such an absorption of the generated wave opens a second excitation pathway to the same FWM generating state j3i. We will show that this leads to a three-photon quantum destructive interference between the two excitation channels to the FWM state. Consequently, with sufficient concentration and propagation depth, the production of the FWM saturates.
Ultraslow propagation enhanced FWM limited by the three-photon destructive interference. -Consider the case where 4 0:157. For 10 s, 02 10 11 cm ÿ1 s ÿ1 , 03 10 9 cm ÿ1 s ÿ1 , and z 10 cm, we have K 0 z ' ÿ8i. Thus, the FWM production reaches saturation at this propagation depth
Notice that this asymptotic solution for phase-matched FWM is independent of concentration and propagation distance. This is the behavior of a destructive interference [7] . Carrying out the inverse transform, we obtain from Eq. (7) m ' ÿ
When this result is inserted into Eq. (1d), we immediately obtain
Thus, at this depth and concentration there will be no further excitation to the state j3i and the generated field ceases to grow. In Fig. 2 , we show the absolute value of 3 in Fourier space. It is seen that 3 maintains nearly a constant amplitude for a large distance when the destructive interference is effective, as predicted above. In Fig. 3 , we have plotted the absolute value of Eq. (6) as a function of propagation distance (the dashed curve). As expected, the absolute value of the Fourier transformed FWM field quickly reaches the saturation value given in Eq. (7) and is independent of the propagation distance after the destructive interference becomes effective. For the ultraslow propagation enhanced FWM to be useful in applications, the onset of this three-photon destructive interference must be delayed or defeated.
Inhibiting the onset of the three-photon destructive interference. -From an application standpoint inhibiting and delaying the onset of the destructive interference is of great importance. This allows one to reach high conversion efficiency with much higher concentrations. From Eq. (6) 
That is, the amplitude of the generated field will grow linearly as a function of concentration and propagation distance. This can lead to higher conversion efficiency under the same concentration and propagation distance where the destructive interference is effective, as can be seen from Fig. 3 (the thin solid curve). The linear growth of the FWM in the same region of propagation depth indicates the absence of the destructive interference. Notice that the FWM field amplitude in this case is about an order of magnitude larger than that achievable when the destructive interference is present. The dual-EIT scheme that is capable of substantially delaying the onset of the three-photon destructive interference has important technical implications in ultraslow propagation enhanced nonlinear optical schemes. We point out that the commonly used FWM schemes employing high-energy, short-pulsed lasers do not entertain the possibility of delaying the three-photon destructive interference. In fact, the only way of inhibiting or delaying the onset of this detrimental effect in such a strong pumping regime is to either lower the concentration or shorten the propagation distance, of which both have adverse effects and significantly reduce the production of the generated wave [11] . In our scheme, the role of inhibiting and incapacitating the three-photon destructive interference effect is resumed by a properly chosen metastable state involved in a second EIT process which greatly reduces the absorption of the generated wave. This elevates the restriction on concentration and propagation depth, and allows a much higher overall conversion efficiency. Similar techniques can be used in other nonlinear optical processes and may offer new avenues to applications of highly efficient and novel nonlinear optical devices.
s to either side of the resonance without changing the condition for constructive interference in Fourier space (as long as j c2 j 2 j m i 3 =2j).
[11] We note that with short-pulsed high-energy excitation the three-photon destructive interference can occur within only a few propagation lengths at elevated concentration. We further note that the dual-EIT scheme reported here may provide, with appropriate modifications, a method to inhibit the onset of the destructive interference in such a strong excitation regime. 
